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Abstract

We discuss the covariant formulation of local field theories described by the
companion Lagrangian associated with p-branes. The covariantization is
shown to be useful for clarifying the geometrical meaning of the field equations
and also their relation to the Hamilton—Jacobi formulation of the standard
Dirac—Born-Infeld theory.

PACS numbers: 1125, 1130, 1110E, 0220

1. Introduction

A significant class of equations of motion occurring in physics have the property of general
covariance, i.e. the property that the solutions of these equations remain solutions under a
large set of transformations. The best known examples are the equations of general relativity,
Yang-Mills and the Maxwell equations in terms of the gauge fields. The fact, realized by the
cognoscenti, that the origin of covariance in those examples could be unified by the construction
of a covariant derivative became generally known in the mid 1970s with the adoption of fibre
bundle language in the discussion of connections. In this paper we discuss a further example of
the equations of motion arising from what we have called the companion Lagrangian, which
may be considered as a continuation of the Dirac-Born—Infeld (DBI) equations describing
D-branes to the situation where the target space is of smaller dimension than the base space.
The genesis of these equations lies in the idea of replicating for strings and branes the situation
in ordinary quantum mechanics in which the classical point particle Lagrangian is replaced by
the quantum Klein—Gordon Lagrangian [1-5].

Let ¢’ be n fields each dependent upon coordinates x* (u = 1,2, ..., d > n) of the base
space. Then, in its simplest form, the companion Lagrangian L is

P 0/
dx,, 0x,

L = |det . (1)
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The simplest example of an equation arising from this for n = 1, d = 2 is the Bateman

equation,
2 a2 2 02 2
(2 Do, (1) 20y (10 (1) v _, o
dx; ) 0x;y dx2 ) 0x; 0x1 0xp ) 0x10x2

references [6,7] and for n = 1, arbitrary d the companion equation is a sum of (‘21) such

Bateman expressions set to zero. It is known that the solution of (2) is given implicitly by
solving the equation,

X1 F(@(x) +x26(@(x)) =c 3

where F, G are arbitrary functions and c is a constant. From the form of the solution, it is
obvious that the Bateman equation is invariant under any change of ¢ — ¢'(¢). Another
example is for two fields ¢, 1 in three dimensions, in which the companion equation can be
recast in the form,

0 0 ¢1 ¢ &
0 0 Y1 VYo Y3
det|pr Y1 édu ¢ 13| =0 4
¢ V2 b2 P P
¢3 Y3 i3 3 P33

with a similar equation with second derivatives of yr, where subscripts denote derivatives, e.g.,
¢, = 0¢/dx*. These equations have been studied in [7] as one of the universal field equations
and shown to be covariant under any arbitrary redefinition of the fields. This remarkable
property also holds for the general (n, d) case, i.e. the companion equation is invariant under
any change of fields ¢' — ¢"(¢/), which will be transparent in the following covariant
formulation. This symmetry corresponds to the general reparametrization invariance in the
DBI formulation of p = n — 1 branes, where the theory with d fields X*(t/) is invariant under
reparametrization of the n world volume coordinates 7.

In the next section, we reconsider the companion theory in a manifestly covariant way and
clarify the geometrical meaning of the companion equations. In section 3, we study the relation
between the Hamilton—Jacobi (HJ) formulation of the DBI theory and the companion theory,
showing that the latter possesses a class of solutions of the former, which are characterized by
a divergence-free condition of a degenerate metric defined in the latter theory. The relation
between the DBI and companion theories is demonstrated in section 4 explicitly in the particle
(n = 1) case in an arbitrary number of dimensions.

2. Covariant formulation

2.1. Notation

For simplicity, we work in d-dimensional Euclidean space with the flat metric §,,, and the totally
antisymmetric tensor €,,,, ,, With €124 = +1. Indices with an arrow above them represent
the set of several indices. i, D, p, & each have n components, e.g., i = {1, U2, ..., thn}.
7, Kk, 1 each have (d — n) components, e.g., K = {k1, K2, ...,Ki_n}. If the (double) prime ’
(") is used for the indices, i, ¥ or T, &, then their components start from the second (third)
entry of un-primed ones, €.g., i’ = {12, ..., n}, & = {k2, ..., kan}y W = {13, ..., tn}
and k" = {k3,...,Kq—n}.
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2.2. Jacobians

The companion equations may be expressed more succinctly in terms of the Jacobians, which
are defined as

S _ 1 42 n
Jie = Jeicrscan = 6K1K2...Kd,nv1vz...vn¢v]¢y2 s ¢Vn
1 i i 1 T
e . N o— g -
= €iv Ez,...zn¢ul .- ‘¢v,, = € Jr. (5)

The derivatives of the Jacobians are
dJ; 1 . 1 -

= = - Cipv’ €y h--~ = ”B’JiG“ 6
09, ~ (n— D)1 Y it i = G R ©)
Using the Jacobians, the companion Lagrangian (1) is written as
gt dpJ 1 1 - -
L= |det|——| = | —J:Je =/ —JaJ; 7
\/e ox,, 9x, \/(d—n)! oy i ™

from which the equation of motion is derived,
9L o = U s, 0080 8% 3 ®
agiagl " d—mP TR ol AL Tagl ) T

As shown in [8], using the identity of epsilon tensors,

€vav3.. 00 €012 00 = €p1v2v3. 00 €pprpa T €oavav3 g €prposoq T T €pguavs vy €p1 02 pa1 1

C))

where the index p is swapped with each index in the second epsilon, we can rewrite the equation
as

°L 1 <8J aJz

J
AL ggp!

sttt = e () oot =000

where r = d — n. Under the assumption det |0 J; / a¢§ 0Jz/ qb{l # 0, we obtain the companion
equation,

L didh, = 0. (1)

This equation may be interpreted as a sum of universal field equations [7]. It will be shown
below that the left-hand side (LHS) of this equation appears as a covariant derivative acting

on the field ¢/,.
For later use, we note two useful identities for the Jacobians,
3k i
=0 2
Gl
dJ; j
Bd)j = (r + 1)8;1_[\) ((SMVJE - qu J\)Kz...K,- -t (SMK,- JK[...K,,IV)‘ (13)
From the identities, we obtain
oL . . 0L . 1 _
— ¢, =8L — ) =L (% - L 2JWJU;/) ) (14)
;. Rl r—1n!
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2.3. Induced metric

The field ¢’ (x) is the mapping from the d-dimensional base space with the flat metric §,,,
to the n-dimensional space labelled by {¢'}. The induced metric G*/ on the ¢-space is then
defined as the pullback of 5",

G’ =¢ ¢ (15)

The metric GV — (3¢ /3¢*)(d¢"/ /d¢')G* transforms under the reparametrization of ¢, as
anticipated. The inverse of G can be obtained explicitly by using the identities (12) and (13),

1 dJy 0J; 1 o =
Gij = L0 = L2 dj (16)
(r+ D! %, ag),  (n— D!

Note that the square of the Lagrangian can be written as £> = det |G/ |. Having obtained Gij,
we go back to the base space again with the induced metric g,,,, the pullback of G,

1 e -

o~ i
1

=8, — ———L 2T J e 17
AR ) Vi, (a7

g =4, ¢]Gij =

where the identity (13) has been used in the last line. The metric g,,, is manifestly invariant
under the reparametrization of ¢, although it is degenerate in our d > n case. Note that g,
is the flat metric §,,, for d = n, while it cannot be defined for d < n. Let us write down the
metrics explicitly in the particle (n = 1) and string (n = 2) cases,

¢/L¢U

n=1l g= gt (18)
i 0 ¢ o;

n=2  gu=_—tCo=—L76, 6 6,47 (19)
det |9, ®2 P2l ¢ie}

In these expressions, it is easy to see that qu are eigenvectors of g,,, with eigenvalue +1. This
important property of g,, holds for general (n, d),

g, = ¢1G G = ¢!, (20)

which leads us to define the projection operator P,,, = (8,,, — g,.v) acting on the d-dimensional
vector space V in the base space. Then V is decomposed as the sum of two subspaces V,, and
V,. The latter is the (d — n)-dimensional subspace orthogonal to the n vectors q)L, while the
former is spanned by a linear combination of ¢l’;. For an arbitrary V,, € V, we have

Vi =8uwVv+ PuV, = Vi¢,iL+P;qu~ (1)
We introduce the dual vectors Y;, = Ll’l(aﬁ/aqﬁ\{) = ij¢ff of ¢! , which satisfy
PLYj =08 ¢ Vi =Y.l =gu (22)

then the component V; of the vector V,, in (21) is expressed as V; =V, ¥;,,. We will see in the
next section that the connection for the reparametrization ¢* — ¢ is constructed in terms of
the fields ¢/, and Y.



Covariant formulation of field theories associated with p-branes 3041

2.4. Induced connection

To construct the covariant formulation under the transformation ¢’ — ¢" (¢/), we first consider
the geometry of the n-dimensional space labelled by coordinates {¢'}, with the metric G f?) (®).
The standard way to build covariant equations is to use the covariant derivative V;, with a
connection 1"’] i

;v i vk
The assumption of the covariant constancy of the metric, V_,-Glfg) = 0, and the torsion-free
condition give the form of a Christoffel symbol to the connection I'},. The pullback of I';,
onto the base space is obtained by acting with the factors ¢>5 q&ﬁqﬁi on it and using the relation
$10; =y,
(@0, +$lpTT) LGl = 1 (Bugi) +ugyy — 018W) = Touu(@®) (24

where g = ook G\ The substitution of the induced metric G¥/ = ¢L¢,ﬁ into (24) leads

yn :
us to the connection K",
K,y = ¢iT oo = =Y, Vo, (25)
where @vqbfi =¢l, — T (g) @1, with g, the degenerate metric in (17).
Then the induced derivative V, Vi = 3,V + Kvik vk s manifestly covariant under the

reparametrization of ¢'. We, however, note that the substitution GS-)) = G;j in (25) cannot
be justified since the induced metric G% is not a function of ¢’ but ¢, where the relation
$vd; = 9, used above is incorrect when it acts on G. Strictly speaking, the connection
K,', is not derived from Fj.k in the ¢'-space but is defined in the analogy with ¢; F;k(G(O)).
Another remark is that I';,,, (g) in (25) looks like a connection in the base space. In fact, it can
be shown that the derivative VV¢’L behaves as a tensor under the reparametrization x# — x*
preserving the form of the flat metric §,,,; 3, x*9,x" 8,5 = 8,10-
The covariant derivative V, acting on ¢, becomes

Vo, — Dropdy = 09, + Kol — Dol = PuaVidpl (26)
or equivalently, using P, ¢! = 9,g,,¢., we have

Vodl, = o} Do = 0u@ui + &upLhup- 27)
The right-hand side (RHS) of (26) vanishes when it acts upon qb,{, which gives

V.G = 2¢0V,¢) = 200 T,0) = ¢ 0u81s (28)
in which the RHS is actually zero due to the identity,

08 = B = 8i0) Yiuly, + Gus = 8uo) Yirbi,- (29)

Hence we obtain the metricity condition V,G"Y =0 (and V, G; ; = 0) in the base space. The
covariant derivative of g, is also obtained from (27) and the identities g,,8,0 = g.» and

avgp)n - vak - F)va = O»
V8w = Tpan8pv + prv8op = 05810 (30)

as anticipated since g, is a scalar under the field redefinition of ¢'.
Finally, let us take the contraction u = v in (27), then we have

Vu‘ﬁfl = D ¢/l\ = 0u8u ‘75/1\ + 3upfkup ‘pi- 3D



3042 D B Fairlie and T Ueno

The second term of the RHS vanishes due to the identity (29), which gives, with the formula
of g, in (17),
2 Jue i ®l,;, = 0 (on shell). (32)

Vit = 08085, = Py, = mﬁ

Here, the companion equation (11) appears as the covariant derivative V,, acting on ¢’ , which
explicitly shows the general covariance of the companion equation.

3. DBI theory versus companion theory

The standard formulation of branes is given by a mapping X*(z’) from the n-dimensional
world volume to the d-dimensional target space. Let us consider the Lagrangian defined with
derivatives of X*(t'),
o= » _oX*aXK
p—(et|gij|) gij—ﬁafj-

The equation of motion for £, is written, as in [9], in terms of g;; and the Christoffel symbol
Flkj — gkmava)L Biank,

g70;0; X" — 0, X" g Tl + 2p — 1)3; X" g T, = 0. (34)

Contraction of this equation with 9; X" yields

(33)

Qp— DIy, = (1 — %) L£'L, =0 (35)
and the other terms cancel. As in the previous discussion either p = %, orelse 9;£, = 0. This
leaves as equations of motion in all cases

gV0;0; X" — 0, X" g Tl = (8,0 — g 87 0:0;X* =0 (36)
where the degenerate metric g = g"' 9, X,,3, X;.. The second equation explicitly shows, via

the identity g0>'8; X" = 8, X*, that the number of independent equations of motion is d — n.

In the following, we will concentrate on the DBI Lagrangian Lpg; = M" L5, with the mass
parameter M.

As is known in the particle case (n = 1), we introduce a field ¢(x) as a HJ
function for Lppy, which gives the canonical conjugate momentum of X*(t) via the formula
pu(r) = 9,0 (x = X(t)). The HJ equation is then obtained from the constraint for p,, as
p? — M? = (3,¢)* — M* = 0. The generalization of the HJ formulation to string and brane
cases has been discussed in [4, 5, 10-13]. In their paper [5], Hosotani and Nakayama gave
a simple derivation of the HJ equation for general n > 1 cases. They start with the DBI

(Nambu—Goto) action for the string (n = 2);

1 /a(XH, X))\

L= MZ/dt do/det|g;;| = MZ/dr do [ = (—) . (37)

2 d(o, 1)

The covariant momentum tensor p,,, given by
X" XY) 4

M? 5 M
Puv = TL P;wPM = 7 (38)
1 (a(xu,xv))2
2 d(o,7)

satisfies the equation of motion

d(Puvs X¥)

3. 1) =0 (39)
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which is an alternative form of equation (36). One may think of the solutions for the X* as
being functions of o, T with d — 2 additional parameters ¢s, ..., ¢4. Then p,, (o, T; ¢,) can
be considered as a function of the X*. Following Hosotani and Nakayama, we choose the
parameters o, T in such a way that the area element of the world sheet with fixed ¢, is

AM~2p*’ do dr = dX* dX". (40)
Choosing ¢! = Mo and ¢> = Mrt, we obtain the relation between 9;X* and 8;L¢i,
Puv = Ju = 3,0'8,6> — 3,¢'9,4>, which gives the HJ equation for strings,
1o = 152 242 1y 20 M
It is easily seen that the equation of motion (39), thanks to the Bianchi identity for Jacobians
0p.J, = 0, is derived from the HJ equation as
A puw, X*) - X XY)

(o, 7) SPTEES)

These results can be generalized straightforwardly to membrane and general p = n — 1-brane
cases,

= 4M728)\J~;w jAv = Mﬁzau(jkvj)nv) =0. (42)

1 /(XM ..., Xm)\>
I, = M"/d”r./det|g,~j - M"/d”r\/—' (%) . (43)
n. 7,

'--yfn)

The covariant momentum tensor p; = py,..,, 1 set to be equal to the Jacobian for n fields
in (5),

M (XML X ; ; .
P =S hoe T = €iin®y, -0, = Jii (44)
which leads to the HJ equation,
1 - - M™\?
EJFLJ/I:(n!)' @
The equation of motion 9(p, -y, » X’jz, vy XM /0(1y, T2, . . ., Ty) = O1is solved by the HJ
equation and the Bianchi identity dj; J;; = O as in the string case. It is interesting to note

that, under relation (44), the degenerate DBI metric in (36) turns out to be the companion
metric (17),

1\2
g% = M9, X, X, = ” _1 i (%) Puv Pri = 8u (X (7). (46)

As for the relation between the DBI and the companion theories, it is obvious that the HJ
equation (45) in the former is the constancy condition of the Lagrangian (7), £L = M"/n!, in
the latter. Thus, any field configuration making the companion Lagrangian constant solves
the DBI equation of motion. Here, let us consider solutions of the companion equation (11)
in the configuration space of non-zero constant Lagrangian, which represent special points
of the space to maintain the value of the Lagrangian (up to a total derivative) under any
infinitesimal variation of fields ¢’. As shown in (32), the companion equation is proportional
to V,\qbf\ = 0, gwqﬁL, which would be regarded as a part of the decomposition (21) for 9, g,
into the n-dimensional subspace V,,

Vi&in = 58 = Vi bp, + Gy — £100) 0180 (47)



3044 D B Fairlie and T Ueno

where V; = 0, ¢,,.Y, = Gj; VU¢>£. The second term in the RHS of (47) can be rewritten by
using another decomposition of 95 g;, = Bk(YjAd){) = 0, Y, o) + £719,L, where we used
Y = L7(0L/0¢)), as

(6uv - g;w) 8Agkv = (a;w - g;w) Eilavﬁ =0 if £ = Mn/n! (48)
showing that the subspace of HJ solutions given by the companion equation with
constant Lagrangian is characterized geometrically by the divergence-free condition, V, g;,, =
gy = 0.

4. Solutions of companion and HJ equations

As has been remarked already, the companion equation (11) for a single field (n = 1) in d
dimensions takes the form,

D0 (@)’ bun — Pudvdyn) =0 (49)

Hov#ER

i.e. a sum of (g) Bateman equations. A large class of solutions may be obtained by choosing d
arbitrary functions F*(¢) subject to the constraint,

> Fu(@)x, = ¢ = const (50)
0
and solving this as an implicit equation for ¢. This works because this equation implies that
-F F,/F,+F/F F/x;
By = =2 o = AT R R (51)
Fa Xo (F(,/X(,) (F(r/x(r)

where the prime denotes derivatives of F,, with respect to ¢. These results guarantee that (49)
is satisfied. Solutions of this class may be extended to the case of more than one field in the
following way. With an ansatz of the form,

> FM@")x, = c' = const > Gu(@*)x, = c* = const (52)
Iz n

which are solved for ¢! and ¢2, a similar reasoning shows that the companion equation of
motion in an arbitrary number of dimensions, which is the sum of (‘31) universal field equations
for two fields in three dimensions, admits this implicit solution, which, in virtue of the
covariance property, can be generalized by replacing the fields ¢' and ¢ by two arbitrary
functions of them. This class of solutions may be generalized to an arbitrary number of fields
in an obvious manner.

It can be easily seen that the set of companion solutions (50) for » = 1 contains
configurations making the companion Lagrangian constant, i.e. solutions of the HJ equation.
Assuming the constant ¢ to be non-zero (and rescaled to one) and F, (¢) = B, F(¢) with a
constant vector 8,,, we have F'(¢) = 1/8,,x,,.. On the other hand, the form of the function F(¢)
is fixed by the condition £ = M, since it breaks the covariance of the companion equation
under ¢ — ¢/,

L= o= [ Rl 53
YN (R T F

where the HJ equation in the base space became a first-order differential equation in the ¢-
space, which is solved for F(¢) as —M //B%¢. This leads to the standard solution of the HJ

equation, ¢ = p,x,, where p, = —Mp, //B* with p> = M?.
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In the above particle case, such a standard HJ solution can be easily obtained from the
HIJ equation itself. However, in the general p-brane cases, the companion equation equipped
with the remarkably general covariance under field redefinitions would become a good starting
point to find interesting HJ solutions. It is also intriguing to study the companion equations
for general (n, d) in their own right as a possible extension of the solvable Bateman equation,
which is now under progress.
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